Two chains of Luttinger liquids coupled by both interchain hopping and interchain interaction are investigated. A degeneracy of two kinds of dominant states with in phase and out of phase ordering in the absence of the hopping is removed since the transverse fluctuation of charge density is completely gapful and that of spin density has two kinds of excitation with and without gap. The crucial effect of the interchain hopping on the electronic properties is studied by calculating susceptibilities.
I. INTRODUCTION
It is well known that the ground state of one-dimensional interacting electron systems is non-Fermi liquid. The state, which is called as "Luttinger liquid", is characterized by a separation of spin and charge degrees of freedom, and anomalous exponents of correlation functions which depend on the interaction [1] [2] [3] [4] . The parallel chains of the interacting electrons coupled by the interchain hopping are basic models of quasi-one-dimensional electron systems. Theoretical understanding of these systems is fundamental for studying electronic properties of organic conductors [5] , high temperature superconductors [6] and interacting electron systems applied to strong magnetic field (Fractional Quantum Hall Effects) [7] . In addition, the problem is important as a first step toward studying two-dimensional interacting electron systems. Consequently, there has been a growing interest in the system of the coupled chains, in particular two chains. Several work have been devoted to investigating the two chains coupled by the interchain hopping for the case of spinless Fermion [8] [9] [10] [11] [12] and for the case including spin degree of freedom [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In addition, Anderson localization in such a system has been studied based on the above investigation [23, 24] .
However, interchain interaction also plays a role of the interchain coupling [25, 26] . Therefore, by extending the work by Finkel'stein and Larkin [15] and that by Schulz [20] , we study the two chains of Luttinger liquids in the presence of both the interchain hopping and the interchain interaction. To our knowledge, much is not known about such a problem in the case including spin degree of freedom. We clarify the electronic properties originated from the interchain hopping by calculating excitation spectrum, phase diagram and susceptibilities. The gap appears in the excitation spectrum of the transverse fluctuations. This leads to splitting of the degenerated states in the absence of the hopping, i.e., "in phase" ordering states and "out of phase" ordering states between the chains. From the calculation of charge and spin susceptibilities with q x and q y being the longitudinal and transverse wavenumber, it is shown that both susceptibilities with q y = 0 are the same as those in the absence of the hopping, and those with q y = π show remarkable dependence on q x .
The plan of the paper is as follows. In II, the Hamiltonian of the model is given and is expressed by use of the phase variables. In III, we study the excitation spectrum and the phase diagram at T = 0 with T being temperature. The charge and the spin susceptibilities are also calculated. IV is devoted to discussion on the present results.
II. MODEL AND PHASE REPRESENTATION A. Model Hamiltonian
We investigate the system where two chains of Luttinger liquids are coupled by both the interchain hopping and the interchain interaction. The Hamiltonian is given by 
2)
3) 
where
The interaction terms are rewritten as follows,
6)
the density fluctuation around the new Fermi point k F µ and satisfies the commutation 
12) 
and zero for the others. The variables, θ ± and φ ± express the fluctuation of the total charge density and that of the total spin density, respectively, whileθ ± andφ ± express the transverse fluctuation of the charge density and that of the spin density, respectively. Actually these properties are understood from the facts that
In terms of the phase variables, the field operator of Fermions, ψ p,σ,µ (x), is expressed as [29, 30] ,
with
In Eq.(2.14), the phase factor, πΞ p,σ,µ , is added so that the Fermion operators with different indices satisfy the anticommutation relation [1] . The factor Ξ p,σ,µ is given by Ξ 1 = 0 and Note that the above choice of Ξ p,σ,µ is not unique.
By substituting Eqs.(2.14) and (2.15) into Eqs.(2.8) and (2.9), and by using the fact that [29] [30] [31] , the Hamiltonian H = H T + H R can be expressed as,
16)
where 
The Hamiltonian, H R can be rewritten as 18) whereψ i (i = 1 ∼ 4) are new Fermion fields defined bȳ
19)
20)
21) 
III. PROPERTIES AT LOW TEMPERATURES
By using renormalization group method, Finkel'stein and Larkin [15] showed that the nonlinear terms in Eq.(2.17) with g 2 = g ′ 2 tend to the strong coupling in the limit of low energy and the terms without (with) the misfit parameter, 2q 0 become relevant (irrelevant).
Schulz insisted that the transverse charge excitation is completely gapful and that of spin excitation has two kinds of excitation with gap and gapless from the symmetry of the Hamiltonian. Here we explicitly show the results by use of the mean field approximation in which the terms including the misfit parameter are neglected. This method is expected to be effective in the limit of strong coupling and has an advantage of the straightforward calculation of the several quantities. It should be noted that the break of the balance betweeñ θ + andθ − due to the misfit parameter may lead to the renormalization ofη ρ defined by
We neglect such an effect as zeroth-approximation since the system tends to strong coupling and the gap appears. On the other hand,η σ (≡ (Ã φ,− /Ã φ,+ ) 1/2 ) remains unity due to the balance betweenφ + andφ − . The present method is effective for the energy lower than the hopping, and then the large momentum cutoff α −1 must be read as t/v F .
A. Excitation Spectrum
By making use of the mean-field approximation, H R with g 2 = g ′ 2 is rewritten as
The quantities, ∆ and ∆ ′ in Eqs.(3.2) and (3.3) are gap parameters determined by the following self-consistent equations,
The eigenvalues, ω 12 of Eq.(3.2) and ω 34 of Eq.(3.3) are calculated as
The excitations of Eqs.(3.6), whose spectral weights are 1/2, are obtained by H
12
MF in terms of Majorana Fermion as
where value of a fixed point. However they did not show the gapless excitation which contributes to low energy properties e.g., specific heat [20] .
The gap equations of Eqs.(3.4) and (3.5) are calculated (see Appendix A) as
where ξ c is cut-off energy of the order of t. From the the gap equations, it is found that both (−∆, −∆ ′ ) and (∆, ∆ ′ ) are solutions, and that sgn(∆∆
The solutions of Eqs.(3.9) and (3.10) in the case of ∆ ′ > 0 is shown in Fig.1 .
B. Possible States
We examine phase diagram which shows the most divergent state. Since the dominant contribution in the low energy limit is given by H 2 int in Eq.(2.8) [15] , we rewrite the term as
Since the states should be selected so as to gain the energy from Eq.(3.11), the possible states in the case from g 2 − g ′ 2 > 0 are given by 13) and those in the case of g 2 − g ′ 2 < 0 are given by
14) and DW
is determined by the total charge and spin fluctuations. By noting that the correlation functions for the total fluctuations are calculated as,
we obtain the phase diagram in Fig.2 . The exponent of the correlation function of CDW is the same as that of SDW, and the exponent of singlet superconductivity is the same as that of triplet superconductivity, respectively. This comes from the symmetry of the interaction for the spin degree of freedom, as is also seen in spin dependent Tomonaga model with the isotropic interaction [4] . Therefore the phase diagram shown in Fig.2 is essentially the same as that of spinless Fermion studied previously [26] . In the repulsive case of g 2 + g ′ 2 > 0, the most dominant state is the density wave. However, the interchain hopping leads to the superconducting state being subdominant even in such a region.
C. Susceptibilities
In this subsection, we calculate the charge susceptibilities, χ ρ (q x , q y ; iω n ), and the spin susceptibilities, χ σ (q x , q y ; iω n ), in the case of q x ≪ 2k F and q y = 0 or π which are defined as 18) and ν = ρ or σ. In Eq.(3.18),
note operators of the charge and spin densities at the i-th chain, respectively.
At first we consider the case of q y = 0. From Eq.(2.16), both χ ρ (x − x ′ , 0; τ ) and
Therefore (iω n → ω), one obtains 24) which are familiar to Luttinger liquid [1] .
Next we examine the case of q y = π, for which Eqs. (3.19) and (3.20) are expressed as
After some manipulations (Appendix B), the static susceptibilities, Reχ ρ (q x , π; 0) and Reχ σ (q x , π; 0) at T = 0 are respectively obtained as
Reχ σ (q x , π, 0) = 1 2π
where P denotes the principal value, ξ k = v F k and ǫ ± = v F (±q x + q 0 ). In Fig.3 and Such dependence on g 2 − g ′ 2 is also found in the absence of the hopping (see Eq.(C14)). On the other hand, Reχ σ (q x , π; 0) is independent of sign of the relative interaction. This result seems to correspond to the fact that Reχ σ (q x , π; 0) in the absence of the hopping is independent of g 2 − g ′ 2 (see Eq.(C15)). In Fig.3 , Reχ ρ (q x , π; 0) takes a minimum around q x = q 0 in the case of g 2 − g ′ 2 > 0 and has a small dependence on q x and g 2 − g ′ 2 , i.e., being nearly unity for g 2 − g ′ 2 < 0. On the other hand, Reχ σ (q x , π; 0) in Fig.4 takes the minimum for both g 2 − g ′ 2 > 0 and g 2 − g ′ 2 < 0. The characteristic dependence is due to the separation of Fermi wavenumber i.e., k F − − k F + = q 0 and the gap in the transverse fluctuation, both of which result from the interchain hopping. Note that the q x -dependence of these Reχ ρ (q x , π; 0) and Reχ σ (q x , π; 0) does not change qualitatively by the choice of ξ c /t.
IV. DISCUSSION
In the present paper, we studied the low temperature properties of two chains coupled by the interchain hopping and the interchain interaction where the interactions of only the forward scattering between oppositely moving particles were taken into account as a simplest The most dominant states are obtained as DW
respectively where density wave (superconductivity) belongs to out of phase (in phase) ordering between the chains, i.e., the transverse wavenumber being π(0). We note that in the case of quasi one-dimensional electron system with only the hopping of pairs [32] , the density wave with the transverse wave number (π, π) or superconductivity with (0, 0) has maximum critical temperature. It is worth while noting that the states of the superconductivity remain subdominant even for the repulsive interaction, i.e., g 2 +g 
) which express the order parameters of the intrachain superconductivity, the interchain superconductivity, the intrachain density wave and the interchain density wave, respectively (Appendix C). The phase diagram in the absence of the interchain hopping is shown in Fig.5 . By comparing the phase diagram in Fig.2 and that in Fig.5 , it is found that the energy gain due to the interchain hopping removes the degeneracy of "in phase" and "out of phase" ordering.
The q x -dependence of charge and spin susceptibilities were calculated for both q y = 0 and q y = π. The susceptibilities in the case of q y = 0 are the same as those in the absence of the hopping since the total dynamics is not affected by the hopping. On the other hand, the static susceptibilities, Reχ ρ (q x , π; 0) for g 2 − g We treated the system with the interaction processes of the forward scattering between the oppositely moving particles as the simplest model of Luttinger liquid. However, the two chains coupled by the interchain hopping have been known to show the various properties depending on the parameters of the system. The repulsive backward scattering becomes relevant in the low energy limit and opens the gap in the excitations of the total spin, and thus modifies the electronic properties [20] . This fact is different from the strictly onedimensional case, where the repulsive backward scattering is renormalized to zero. The two chains of Hubbard Model shows the richer phases depending on the magnitude of the intrachain interaction, the interchain hopping and the filling [14, 21] . In addition, it has been reported that the two chains coupled by both the Coulomb repulsion and the exchange interaction show the superconductivity [33] . Therefore further investigations are needed to identify the ground state of two coupled chains as a crossover from one dimension to higher dimension.
APPENDIX A: GREEN FUNCTIONS OF EQS.(3.2) AND (3.3)
We calculate Green functions of Eqs.(3.2) and (3.2). By using the solutions of Majorana Fermions which are calculated from Eq. (3.8) , the Green functions corresponding to the transverse spin fluctuations are calculated as
where T τ is the time ordering operator, ξ k = v F k, 1/β = T and ǫ n = (2n + 1)πT . On the other hand, by diagonalizing Eq.(3.3), the Green functions expressing the transverse charge fluctuations are calculated as
From these Green functions, one obtains in the limit of T = 0, Neglecting the constant whose absolute value is unity, the quantity F ρ(σ) ≡ p,σ,µ (σ)ψ † p,σ,µ ψ p,σ,−µ is expressed as,
which is derived by calculating 
and the factors, u k , v k , u ′ k , and v ′ k are defined by
From Eqs.(B3) and (B4), χ ρ (q x , π, iω n ) and χ σ (q x , π, iω n ) are calculated as,
where f (z) = 1/(e βz + 1) is a Fermi distribution function. Equations (B9) and (B10) in the limit of T = 0 lead to Eqs.(3.27) and (3.28).
APPENDIX C: PROPERTIES IN THE ABSENCE OF THE HOPPING
In this case, by using density operators, ρ p,σ,ν (q)(≡ k a † k+q,p,σ,ν a k,p,σ,ν ) with ν = + and ν = − being the chain index i = 1 and i = 2 respectively, Eqs.(2.2) ∼ (2.4) in the absence of the hopping can be written as,
Then the Hamiltonian is rewritten in terms of the phase variables as
and 
correlation functions of the order parameters are calculated as,
express the order parameters of the intrachain superconductivity, the interchain superconductivity, the intrachain density wave and the interchain density wave, respectively . In Eq.(C9), we neglect the phase factor given byN p,σ,ν , because the particle number of each branch is conserved in the absence of the hopping. The exponent of the correlation functions of "in phase" ordering is the same as that of the "out of phase" order- and Reχ σ (q x , 0, ω) are the same as Eqs.(3.23) and (3.24) . By noting that
we obtain Reχ ρ (q x , π, ω) and Reχ σ (q x , π, ω) written as Reχ ρ (q x , π, ω) = 2η
which are the forms familiar to the Luttinger liquid. Note that Reχ ρ (q x , π, ω) is suppressed (enhanced) in the case of g 2 − g 
